We consider the ground state properties of an inhomogeneous twodimensional Bose gas with a repulsive, short range pair interaction and an external confining potential. In the limit when the particle number N is large butρa 2 is small, whereρ is the average particle density and a the scattering length, the ground state energy and density are rigorously shown to be given to leading order by a Gross-Pitaevskii (GP) energy functional with a coupling constant g ∼ 1/| ln(ρa 2 )|. In contrast to the 3D case the coupling constant depends on N through the mean density. The GP energy per particle depends only on N g. In 2D this parameter is typically so large that the gradient term in the GP energy functional is negligible and the simpler description by a Thomas-Fermi type functional is adequate.
Introduction
Motivated by recent experimental realizations of Bose-Einstein condensation the theory of dilute, inhomogeneous Bose gases is currently a subject of intensive studies. Most of this work is based on the assumption that the ground c 2000 by the authors. Reproduction of this work, in its entirety, by any means, is permitted for non-commercial purposes. state properties are well described by the Gross-Pitaevskii (GP) energy functional (see the review article [10] ). A rigorous derivation of this functional from the basic many-body Hamiltonian in an appropriate limit is not a simple matter, however, and has only been achieved recently for bosons with a short range, repulsive interaction in three spatial dimensions [1] .
The present paper is concerned with the justification of the GP functional in two spatial dimensions. Several new issues arise. One is the form of the nonlinear interaction term in the energy functional for the GP wave function Φ. In three dimensions this term is 4πa |Φ| 4 , where a is the scattering length of the interaction potential. The rationale is the well known formula for the energy density of a homogeneous Bose gas, which, for dilute gases with particle density ρ, is 4πaρ
2 . This fact has been 'known' since the early 50's but a rigorous proof is fairly recent [3] . In two dimensions the corresponding formula is 4πρ 2 | ln(ρa 2 )| −1 as proved in [2] by extension of the method of [3] . The formula was first stated by Schick [4] ; other early references to this formula are [5, 6, 7, 8, 9] . It would seem natural to consider 4π |Φ| 4 | ln(|Φ| 2 a 2 )| −1 as the interaction term in the GP functional, and this has indeed been suggested in [11] . Such a term, however, is unnecessarily complicated for the purpose of leading order calculations. In fact, since the logarithm varies only slowly it turns out that one can use the same form as in the three dimensional case, but with an appropriate dimensionless coupling constant g replacing the scattering length, and still retain an exact theory (to leading order in ρ).
The functional we shall consider is thus
where V is the external confining potential and all integrals are over R 2 . The choice of g is an issue on which there has not been unanimous opinion in the recent papers [11, 12, 13, 14, 15, 16, 17] on this subject. We shall prove that a right choice is g = | ln(ρa 2 )| −1 whereρ is a mean density that will be defined more precisely below. This mean density depends on the particle number N, which implies that the scaling properties of the GP functional are quite different in two and three dimensions. In the three-dimensional case the natural parameter is Na/a osc , with a osc being the length scale defined by the external confining potential. If a/a osc is scaled like 1/N as N → ∞ this parameter is fixed and the gradient term |∇Φ| 2 in the GP functional is of the same order as the other terms. In two dimensions the corresponding parameter is N| ln(ρa 2 )| −1 . For a quadratic external potentialρ behaves like N 1/2 /a 2 osc and hence the parameter can only be kept fixed if a/a osc decreases exponentially with N. A slower decrease means that the parameter tends to infinity. This corresponds to the so-called Thomas Fermi (TF) limit where the gradient term has been dropped altogether and the functional is
defined for nonnegative functions ρ. Our main result, stated in Theorems 1.3 and 1.4 below, is that minimization of (1.2) reproduces correctly the ground state energy and density of the many-body Hamiltonian in the limit when
Only in the exceptional situation that N| ln(ρa 2 )| −1 stays bounded is there need for the full GP functional (1.1), cf. Theorems 1.1 and 1.2.
We shall now describe the setting more precisely. The starting point is the Hamiltonian for N identical bosons in an external potential V and with pair interaction v,
acting on the totally symmetric wave functions in ⊗ N L 2 (R 2 ). Units have been chosen so that = 2m = 1, where m is the particle mass. We assume that v is nonnegative and spherically symmetric with a finite scattering length a. (For the definition of scattering length in two dimensions see [2] ). The external potential should be continuous and tend to ∞ as |x| → ∞. It is then possible and convenient to shift the energy scale so that min x V (x) = 0. For the TF limit theorem we shall require some additional properties of V to be specified later.
The ground state energy ω of the one particle operator −∇ 2 + V is a natural energy unit and gives rise to a length unit a osc ≡ ω −1/2 . Writing V (x) = ωV (x/a osc ) it is experimentally feasible to let a osc vary with N, keepingV fixed. The dimensionless interaction potentialv, defined by v(x) = ωv(x/a osc ) has the dimensionless scattering length a/a osc if a is the scattering length of v. Varying a osc at fixed external potentialV is equivalent to scalinĝ v for fixed v and hence varying the scattering length. In the dilute limit when a/a osc is much smaller than the mean particle distance the ground state energy depends only on a/a osc and not on other features of v.
We shall measure all energies in terms of ω and lengths in terms of a osc . The notation E QM (N, a) for the ground state energy of (1.3) is then justified, but it should be kept in mind that a here really stands for a/a osc and varying a with N is equivalent to varying a osc at fixed v.
The quantum mechanical particle density is defined by 
2 . The ground state energy of the TF functional (1.2) with the subsidiary condition ρ = N is denoted E TF (N, g). The corresponding minimizer can be written explicitly; it is
where [t] + ≡ max{t, 0} and µ TF is chosen so that the normalization condition ρ TF N,g = N holds. We now define the mean densityρ as the average of the TF density ρ
at coupling constant g = 1, weighted with
It is clear thatρ depends on N and when we wish to emphasize this we writeρ N . The definition (1.6) has the advantage thatρ is easily computed; for instance, if V (x) ∼ |x| s for some s > 0, thenρ N ∼ N s/(s+2) . It may appear more natural to defineρ self-consistently asρ =
, which amounts to solving a nonlinear equation forρ. Also, the TF density could be replaced by the GP density. However, sincē ρ will only appear under a logarithm such sophisticated definitions are not needed for the leading order result we are after. The simple formula (1.6) is adequate for our purpose, but it should be kept in mind that the selfconsistent definition may be relevant in computations beyond the leading order.
With this notation we can now state the two dimensional analogue of Theorem I.1 in [1] .
The corresponding theorem for the density, c.f. Theorem I.2 in [1] , is Theorem 1.2 (GP limit for the density).
These theorems, however, are not particularly useful in the two dimensional case, because the hypothesis that N/| ln(a 2ρ N )| stays bounded requires an exponential decrease of a with N. As remarked above, the TF limit, where N/| ln(a 2ρ N )| → ∞, is much more relevant. Our treatment of this limit requires that V is asymptotically homogeneous and sufficiently regular in a sense made precise below. This condition can be relaxed, but it seems adequate for most practical applications and simplifies things considerably. Definition 1.1. We say that V is asymptotically homogeneous of order s > 0 if there is a function W with W (x) = 0 for x = 0 such that
and the convergence is uniform in x.
The function W is clearly uniquely determined and homogeneous of order s, i.e., W (λx) = λ s W (x) for all λ ≥ 0. Theorem 1.3 (TF limit for the energy). Suppose V is asymptotically homogeneous of order s > 0 and its scaling limit W is locally Hölder contin-
To state the corresponding theorem for the density we need the minimizer of (1.2) with g = 1, V replaced by W , and normalization ρ = 1. We shall denote this minimizer byρ TF 1,1 ; an explicit formula is
whereμ TF is determined by the normalization condition. The proofs of these theorems follow from upper and lower bounds on the ground state energy E QM (N, a) that are derived in Sections 3 and 4. For these bounds some properties of the minimizers of the functionals (1.1) and (1.2), discussed in the following section, are needed.
GP and TF theory
In this section we consider the functionals (1.1) and (1.2) with an arbitrary positive coupling constant g. Existence and uniqueness of minimizers is shown in the same way as in Theorem II.1 in [1] . The GP energy E GP (N, g) has the simple scaling property
and satisfies the normalization condition |φ 
where the Lagrange multiplier (chemical potential) µ GP (γ) is determined by the subsidiary normalization condition. Multiplying (2.2) with φ GP γ and integrating we obtain
For the upper bound on the quantum mechanical energy in the next section we shall need a bound on the absolute value of the minimizer φ GP γ .
Lemma 2.1 (Upper bound for the GP minimizer).
Proof. φ GP γ satisfies the variational equation
The ground state energy E TF (N, g) of the TF functional (1.2) scales in the same way as E GP (N, g), i.e., E TF (N, g) = NE TF (1, Ng), and the corresponding minimizer ρ TF N,g is equal to Nρ 6) with the chemical potential µ TF (γ) determined by the normalization condition ρ TF γ = 1. In the same way as in (2.3) we have
The chemical potential can also be computed from a variational principle:
Proof. Obviously, the infimum is achieved for a multiple of a characteristic function for some region R ⊂ R 2 . If |R| denotes the area of R, then
Now R (V − µ TF (γ)) ≥ −8πγ, with equality for Proof. Immediate consequences of Lemma (2.2), using that min x V (x) = 0 and lim |x|→∞ V (x) = ∞.
µ TF (γ) we also see that E TF (1, γ) → ∞ with γ. In this limit the GP energy converges to the TF energy, provided the external potential satisfies a mild regularity and growth condition:
Lemma 2.3 (TF limit of the GP energy). Suppose for some constants
For the other direction, we use (j ǫ * ρ TF γ )
1/2 as a test function for E GP , where
Note that j ǫ = 1 and |∇j ǫ | = ǫ −1 j ǫ . Therefore
where we have used convexity for the last term. Moreover, 16) as long as ǫ < L −1
2 . So we have
Optimizing over ǫ gives as a final result
Condition (2.12) is in particular fulfilled if V is homogeneous of some order s > 0 and locally Hölder continuous. In this case,
and
By (2.7) we also have
If V is asymptotically homogeneous with a locally Hölder continuous limiting function W , we can prove corresponding formulas for the limit γ → ∞. This is the content of the next theorem, where we have included results on the GP → TF limit as well: 
Proof. With the demanded properties of V , (2.13) holds. Using this and (1.9) one easily verifies (i). Moreover, γ 2/(s+2) ρ 
We can write
By assumption, |ǫ(γ, x)| < δ(γ)(1 + W (x)) for some δ(γ) with lim γ→∞ δ(γ) = 0. Because ρ γ = 1 for all γ, we see from Eq. (2.23) that µ
converges to some c as γ → ∞. Moreover, we can conclude that the support of ρ γ is for large γ contained in some bounded set B independent of γ. Therefore
by dominated convergence, so c is equal to theμ TF of Eq. (1.11). Now
Again |ǭ(γ, x)| <δ(γ)(1 + W (x)) for someδ(γ) with lim γ→∞δ (γ) = 0. By Eqs. (1.11) and (2.26) we thus have
The mean density for the TF theory is defined bȳ
For γ = N, i.e., g = 1 this is the same as (1.6). It satisfies Lemma 2.4 (Bounds onρ γ ). For some constant C > 0
Proof. The upper bound is trivial. Because ρ γ , defined in (2.22), converges uniformly toρ TF 1,1 and µ TF (γ)γ −s/(s+2) →μ TF as γ → ∞, we have the lower bound
for some C > 0.
Remark 2.1. With V asymptotically homogeneous of order s, µ TF (γ)γ −s/(s+2) converges as γ → ∞, i.e. µ TF (γ) ∼ γ s/(s+2) for large γ. So the mean TF density for coupling constant g = 1, defined in (1.6), has the asymptotic behaviorρ ∼ N s/(s+2) .
Upper bound to the QM energy
As in the three dimensional case, cf. Eqs. (3.29) and (3.27) in [1] , one has the upper bound
where we have implicitly used that −∆φ
≥ 0, which is justified by Lemma 2.1. The coefficients I, J and K are given by Eq. (2.4)-(2.10) in [2] . They depend on the scattering length and a parameter b. We choose γ = N/| ln(a 2ρ )| and b =ρ −1/2 . (Recall thatρ is short forρ N .) With this choice we have (as long as a 2ρ < 1) 2) and the error terms
where we have used Lemma 2.1. So we have the upper bound
If γ → ∞ with N we have instead, assuming that the external potential is asymptotically homogeneous of order s,
so in any case
holds as N → ∞ and a 2ρ → 0.
Lower bound to the QM energy
Compared to the treatment of the 3D problem in [1] the new issue here is the TF case, i.e., γ = N/| ln(a 2ρ )| → ∞, and we discuss this case first. The GP limit with γ fixed can be treated in complete analogy with the 3D case, cf. Remark 4.1 below.
We introduce again the rescaled ρ γ as in (2.22) and also
Note that the scattering length of v is a = a γ −1/(s+2) . Using V ≥ µ TF (γ) − 8πγρ TF γ and (2.7) we see that
with Q = inf
Dividing space into boxes α of side length L with Neumann boundary conditions we get
where ρ α,max denotes the maximal value ofρ TF 1,1 in the box α, and E hom (n, L) is the energy of a homogeneous gas of n bosons in a box of side length L and Neumann boundary conditions. We can forget about the boxes where ρ α,max = 0, because the energy of particles in these boxes is positive.
We now want to use the lower bound on E hom given in [2] , namely
This bound holds for n > (const.)| ln( a 2 n/L 2 )| 1/5 and small enough a 2 n/L 2 . Now if the minimum in (4.4) is taken in some box α for some value n α , we have
By a computation analogous to the upper bound (see [1] ) one shows that
Using Lemma (2.4) and the asymptotics of µ TF (Remark 2.1) we see that
for some constant C, so (4.7) reads
So if L is fixed, our minimizing n α is at least ∼ ρ α,max L 2 N. If N is large enough and a 2ρ is small enough, we can thus use (4.5) in (4.4) to get
for (4.10). To estimate the error terms, note that as in (4.8)
2 as γ → ∞ (which follows from the uniform convergence and boundedness of the supports) we get lim inf
(4.17)
Since this holds for all choices of the boxes α with arbitrary small side length L, and by the assumptions on Vρ )| fixed.
The limit theorems
We have now all the estimates needed for Theorems 1.1-1.4. The upper bound (3.8) and the lower bound (4.19) prove Theorem 1. in the sense of distributions. Since the functions all have norm 1, we can conclude that there is even weak L 1 -convergence.
Remark 5.1 (The 3D case). In [1] the analogues of Theorems 1.1 and 1.2 were shown for the three-dimensional Bose gas. Using the methods developed here one can extend these results to analogues of Theorems 1.3 and 1.4. In 3D the coupling constant is g = a, so γ = Na. Moreover, the relevant mean 3D density isρ γ ∼ N(Na) −3/(s+3) .
